Lipschitz one-dimensional constrained global optimization (GO) problems where both the objective function and constraints can be multiextremal and non-differentiable are considered in this paper. Problems, where the constraints are verified in an a priori given order fixed by the nature of the problem are studied. Moreover, if a constraint is not satisfied at a point, then the remaining constraints and the objective function can be undefined at this point. The constrained problem is reduced to a discontinuous unconstrained problem by the index scheme without introducing additional parameters or variables. A new geometric method using adaptive estimates of local Lipschitz constants is introduced. The estimates are calculated by using the local tuning technique proposed recently. Numerical experiments show quite a satisfactory performance of the new method in comparison with the penalty approach and a method using a priori given Lipschitz constants.
Introduction
It happens often in engineering optimization problems (see [6, 12, 15] ) that the objective function and constraints can be multiextremal, non-differentiable, and partially defined. The latter means that the constraints are verified in a priori given order fixed by the nature of the problem and if a constraint is not satisfied at a point, then the remaining constraints and the objective function can be undefined at this point. This kind of problems is difficult to solve even in the one-dimensional case (see [10, 11, 12, 14, 15] ). Formally, supposing that both the objective function f (x) and constraints g j (x), 1 ≤ j ≤ m, satisfy the Lipschitz condition and the feasible region is not empty, this problem can be formulated as follows.
It is necessary to find a point x * and the corresponding value g * m+1 such that g * m+1 = g m+1 (x * ) = min{g m+1 (x) : x ∈ Q m+1 },
where, in order to unify the description process, the designation g m+1 (x) f (x) has been used and regions Q j , 1 ≤ j ≤ m + 1, are defined by the rules
Note that since the constraints g j (x), 1 ≤ j ≤ m, are multiextremal, the admissible region Q m+1 and regions Q j , 1 ≤ j ≤ m, can be collections of several disjoint subregions. We suppose hereafter that all of them consist of intervals of a finite length. We assume also that the functions g j (x), 1 ≤ j ≤ m + 1, satisfy the corresponding Lipschitz conditions
In order to illustrate the problem under consideration and to highlight its difference with respect to problems where constraints and the objective function are defined over the whole search region, let us consider an example -test problem number 6 from [2] shown in Figure 1 . The problem has two multiextremal constraints and is formulated as follows
where
2 Figure 1 : Problem number 6 from [2] where functions f (x) and g 1 (x), g 2 (x) are defined over the whole search region [0, 1.5 π]
The admissible region of problem (5)-(8) consists of two disjoint subregions shown in Figure 1 at the line f (x) = 0; the global minimizer is x * = 3.76984. Problem of the type (1)-(4) considered in this paper and using the same functions g 1 (x)-g 3 (x) from (6)- (8) is shown in Figure 2 . It has the same global minimizer x * = 3.76984 and is formulated as follows
It can be seen from Figure 2 that both g 2 (x) and f (x) are partially defined: g 2 (x) is defined only over Q 2 and the objective function f (x) is defined only over Q 3 which coincides with the admissible region of problem (5)-(8).
It is not easy to find a traditional algorithm for solving problem (1)-(4). For example, the penalty approach requires that f (x) and g i (x), 1 ≤ i ≤ m, are defined over the whole search interval [a, b] . At first glance it seems that at the regions where a function is not defined it can be simply filled in with either a (9)- (11) big number or the function value at the nearest feasible point. Unfortunately, in the context of Lipschitz algorithms, incorporating such ideas can lead to infinitely high Lipschitz constants, causing degeneration of the methods and non-applicability of the penalty approach.
A promising approach called the index scheme has been proposed in [13] (see also [11, 14, 15] ) in combination with information stochastic Bayesian algorithms for solving problem (1)- (4) . An important advantage of the index scheme is that it does not introduce additional variables and/or parameters as traditional approaches do (see, e.g, [1, 3, 4] ). It has been recently shown in [10] that the index scheme can be also successfully used in combination with the Branch-and-Bound approach if the Lipschitz constants L j , 1 ≤ j ≤ m + 1, from (3), (4) are known a priori.
However, in practical applications (see, e.g. [6] ) the Lipschitz constants L j , 1 ≤ j ≤ m + 1, are very often unknown. Thus, the problem of their estimating arises inevitably. If there exists an additional information allowing us to obtain a priori fixed constants
then the algorithm IBBA from [10] can be used.
In this paper, the case where there is no any additional information about the Lipschitz constants is considered. A new GO Algorithm with Local Tuning (ALT) adaptively estimating the local Lipschitz constants during the search is proposed. The local tuning technique introduced in [7, 8, 9] for solving unconstrained problems allows one to accelerate the search significantly in comparison with the meth-ods using estimates of the global Lipschitz constant. The new method ALT unifies this approach with the index scheme and geometric ideas allowing one to construct auxiliary functions similar to minorants used in the IBBA (see [10] ). In a series of numerical experiments it is shown that usage of adaptive local estimates calculated during the search instead of a priori given estimates of global Lipschitz constants accelerates the search significantly.
A New Geometric Index Algorithm with Local Tuning
Let us associate with every point of the interval [a, b] an index
which is defined by the conditions
where for ν = m + 1 the last inequality is omitted. We shall call a trial the operation of evaluation of the functions
Thus, the index scheme considers constraints one at a time at every point where it has been decided to try to calculate the objective function g m+1 (x). Each constraint g i (x) is evaluated at a point x only if all the inequalities
have been satisfied at this point. In its turn the objective function g m+1 (x) is computed only for those points where all the constraints have been satisfied.
Suppose now that k + 1, k ≥ 1, trials have been executed at some points
and the index ν i = ν(x i ), 0 ≤ i ≤ k, have been calculated following (12) . Due to the index scheme, the estimate
of the minimal value of the function g M k (x) found after k iterations can be calculated and the values
can be associated with the points x i from (13).
In the new algorithm ALT, we propose to adaptively estimate at each iteration the local Lipschitz constants over subintervals
by using the information obtained from executing trials at the points x i , 0 ≤ i ≤ k, from (13) . Particularly, at each point x i , 0 ≤ i ≤ k, having the index ν i we 5 calculate a local estimate η i of the Lipschitz constant L ν i at a neighborhood of the point x i as follows
Here, ξ > 0 is a small number reflecting our supposition that the objective function and constraints are not just constants over
The values λ i are calculated as follows
where z i , 0 ≤ i ≤ k, are from (15) . Naturally, when i = 0 or i = k, only one of the two expressions in the first four cases are defined and are used to calculate λ i . The values γ i , 0 ≤ i ≤ k, are calculated in the following way:
where Λ ν i are adaptive estimates of the global Lipschitz constants L ν i and
The values λ i and γ i reflect the influence on η i of the local and global information obtained during the previous iterations. When both intervals
and [x i , x i+1 ] are small, then γ i is small too (see (18)) and, due to (16), the local information represented by λ i has major importance. The value λ i is calculated by considering the intervals We are ready now to describe the new algorithm ALT.
Step 0 (Initialization). Suppose that k + 1, k ≥ 1, trails have been already executed in a way at points
and their indexes and the value
have been calculated. The value M k defined in (22) is the maximal index obtained during the search after k + 1 trials. The choice of the point x k+1 , k ≥ 1, where the next trial will be executed is determined by the rules presented below.
Step 1. Renumber the points x 0 , ...., x k of the previous k iterations by subscripts 1 in order to form the sequence (13).
Step 2. Recalculate the estimate z * k of the minimal value of the function g M k (x) found after k iterations and the values z i by using formulae (14) and (15), respectively. For each trial point x i having the index ν i , 0 ≤ i ≤ k, calculate estimate η i from (16).
Step 3. For each interval [x i−1 , x i ], 1 ≤ i ≤ k, calculate the characteristic of the interval
where r > 1 is the reliability parameter of the method (this kind of parameters is quite traditional in Lipschitz global optimization; discussions related to its choice and meaning can be found in [6, 12, 15] ).
Step 4. Find an interval t corresponding to the minimal characteristic, i.e.,
If the minimal value of the characteristic is attained for several subintervals, then the minimal integer satisfying (24) is accepted as t.
Step 5. If for the interval [x t−1 , x t ], where t is from (24), the stoping rule
where a and b are from (1)- (4), is satisfied for a preset accuracy ε > 0, then Stop -the required accuracy has been reached. In the opposite case, go to
Step 6.
Step 6. Execute the (k + 1)-th trial at the point
and evaluate its index ν(x k+1 ).
Step 7. This step consists of the following alternatives: Case 1. If ν(x k+1 ) > M k , then perform two additional trials at the points
calculate their indexes, set k = k + 3, and go to Step 8.
Case 2.
If ν(x k+1 ) < M k and among the points (13) there exists only one point x T with the maximal index M k , i.e., ν T = M k , then execute two additional trials at the points
if 0 < T < k, calculate their indexes, set k = k + 3, and go to Step 8. If T = 0 then the trial is executed only at the point (29). Analogously, if T = k then the trial is executed only at the point (28). In these two cases, calculate the index of the additional point, set k = k + 2 and go to Step 8.
Case 3.
In all the remaining cases set k = k + 1 and go to Step 8.
Step 8. Calculate M k and go to Step 1.
Global convergence conditions of the ALT are described by the following two theorems given, due to the lack of space, without proofs that can be derived using Theorems 2 and 3 from [8] and Theorem 2 from [10] . 
take place, then the point x * will be a limit point of the trial sequence {x k } generated by the ALT. (1)- (4) 
Theorem 2.2 For any problem

Numerical Comparison
The new algorithm has been numerically compared with the following methods:
-The method proposed by Pijavskii (see [3, 5] ) combined with the penalty approach used to reduce the constrained problem to an unconstrained one; this method is indicated hereafter as PEN. The Lipschitz constant of the obtained unconstrained problem is supposed to be known as it is required by Pijavskii algorithm.
-The method IBBA from [10] using the index scheme in combination with the Branch-and-Bound approach and the known Lipschitz constants
Ten non-differentiable test problems introduced in [2] have been used in the experiments (since there were several misprints in the original paper [2] , the accurately verified formulae have been applied, which are available at the Web-site http://wwwinfo.deis.unical.it/∼yaro/constraints.html). In this set of tests, problems 1-3 have one constraint, problems 4-7 two constraints, and problems 8-10 three constrains.
In these test problems, all constrains and the objective function are defined over the whole region [a, b] from (2) . These test problems were used because the PEN needs this additional information for its work and is not able to solve problem (1)-(4). Naturally, the methods IBBA and ALT solved all the problems using the statement (1)-(4) and did not take benefits from the additional information given (see examples from Figures 1 and 2 ) by the statement (5)- (8) in comparison with (9)- (11) .
In order to demonstrate the influence of changing the search accuracy ε on the convergence speed of the methods, two different values of ε, namely, ε = 10 −4 and ε = 10 −5 have been used. The same value ξ = 10 −6 from (16) has been used in all the experiments for all the methods. Table 1 represents the results for the PEN (see [2] ). The constrained problems were reduced to the unconstrained ones as follows
The column "Eval." in Table 1 shows the total number of evaluations of the objective function f (x) and all the constraints. Thus, it is equal to where N v is the number of constraints and N trials is the number of the trials executed by the PEN for each problem.
Results obtained by the IBBA (see [10] ) and by the new method ALT with the parameter r = 1.3 are summarized in Tables 2 and 3 , respectively. Columns in the tables have the following meaning for each value of the search accuracy ε:
−the column N indicates the problem number; −the columns N g 1 , N g 2 , and N g 3 represent the number of trials where the constraint g i , 1 ≤ i ≤ 3, was the last evaluated constraint; −the column "Trials" is the total number of trial points generated by the methods;
−the column "Eval." is the total number of evaluations of the objective function and the constraints. This quantity is equal to:
−N g 1 + 2 × N f , for problems with one constraint; −N g 1 + 2 × N g 2 + 3 × N f , for problems with two constraints; −N g 1 + 2 × N g 2 + 3 × N g 3 + 4 × N f , for problems with three constraints. The asterisk in Table 3 indicates that r = 1.3 was not sufficient to find the global minimizer of problem 7. The results for this problem in Table 3 are obtained using the value r = 1.9; the ALT with this value finds the solution. Finally, Table 4 represents the improvement (in terms of the number of trials and evaluations) obtained by the ALT in comparison with the other methods used in the experiments.
As it can be seen from Tables 1-4 , the algorithms IBBA and ALT constructed in the framework of the index scheme significantly outperform the traditional method PEN. The ALT demonstrates a high improvement in terms of the trials performed with respect to the IBBA as well. In particular, the greater the difference between estimates of the local Lipschitz constants (for the objective function or for the con- Number of Trials straints), the higher is the speed up obtained by the ALT (see Table 4 ). The improvement is especially high if the global minimizer lies inside of a feasible subregion with a small (with respect to the global Lipschitz constant) value of the local Lipschitz constant as it happens for example for problems 6 and 9. The advantage of the new method is more pronounced when the search accuracy ε increases (see Table 4 ). In order to illustrate performance of the methods graphically, in Figures 3-5 we show dynamic diagrams of the search (with the accuracy ε = 10 −4 in (25)) executed by the PEN, the IBBA, and the ALT, respectively, for problem 6 from [2] . The upper subplot of Figure 3 contains the function f P * (x) from (32) constructed from the problem (5)- (8) shown in Figure 1 . The upper subplots of Figures 4 and 5 contain the index function (see [10, 15] for a detailed discussion) corresponding to the problem (9)-(11) from Figure 2 . Note that the local Lipschitz constant corresponding to the objective function over this subregion is significantly smaller than the global one (see Figures 2 and 5) .
The line of symbols '+' located under the graph of the function (32) in Figure 3 shows points at which trials have been executed by the PEN. The lower subplots show dynamics of the search. The PEN has executed 909 trials and the number of evaluations was equal to 909 × 3 = 2727. In Figure 4 the first line (from up to down) of symbols '+', located under the graph of problem (9)- (11), represents the points where the first constraint has not been satisfied (number of such trials is equal to 16). Thus, due to the decision rule of the IBBA, the second constraint has not been evaluated at these points. The second line of symbols '+' represents the points where the first constraint has been satisfied but the second constraint has been not (number of such trials is equal to 16). At these points both constraints have been evaluated but the objective function has been not. The last line represents the points where both constraints have been satisfied (number of such trials is 597) and, therefore, the objective function has been evaluated too. The total number of evaluations is equal to 16 + 16 × 2 + 597 × 3 = 1839. These evaluations have been executed during 16 + 16 + 597 = 629 trials.
Similarly, in Figure 5 , the first line of symbols '+' indicates 21 trial points where the first constraint has not been satisfied. The second line represents 11 points where the first constraint has been satisfied but the second constraint has been not. The last line shows 42 points where both constraints have been satisfied and the objective function has been evaluated. The total number of evaluations is equal to 21 + 11 × 2 + 42 × 3 = 169. These evaluations have been executed during 21 + 11 + 42 = 74 trials. 
